Abstract. We show a Heinz-Kato inequality in Banach spaces for sectorial operators having bounded imaginary powers.
The Heinz-Kato inequality, see [5] and [7] , is formulated as follows:
Theorem 1 (Heinz-Kato). Let H 1 , H 2 be Hilbert spaces and A, B be positive selfadjoint operators in H 1 , H 2 respectively. Let T be a bounded linear operator from H 1 to H 2 such that T (D(A)) ⊆ D(B) and BT u H2 ≤ M Au H1 , u ∈ D(A),
for certain M ≥ 0. Then, for each a ∈ (0, 1) we have that T (D(A a )) ⊆ D(B a ) and
The above theorem was extended in [6] to maximal accretive operators in Hilbert spaces. Moreover, in [13, Theorem 2.31 ] it was extended to invertible sectorial operators in a Hilbert space that have bounded imaginary powers.
Let X be a complex Banach space. A closed densely defined linear operators A in X is called invertible sectorial if 
Denote by ∂Ω K the positively oriented boundary of Ω K . The complex powers A z of A for Re(z) < 0 are defined by the Dunford integral formula
see, e.g., [1, Theorem III.4.6.5]; in particular, if a ∈ (0, 1) then
The family {A z } Re(z)<0 ∪ {A 0 = I} is a strongly continuous holomorphic semigroup on X, see, e.g., [ 
see, e.g., [1, (III.4.6.21)]; they can be either bounded or unbounded operators in X.
If there exist δ, C > 0 such that A it ∈ L(X) and A it L(X) ≤ C when t ∈ [−δ, δ], then we say that A has bounded imaginary powers. In this situation, A it ∈ L(X) for all t ∈ R, {A it } t∈R forms a strongly continuous group and there exist some φ A ≥ 0 and A closed densely defined linear operator B in X is called sectorial if
and
where ∂S L is the positively oriented boundary of S L . The η-complex power of B is defined pointwise as
where
B η is a well defined closed linear operator in X independent from m; it is in general unbounded and satisfies [8, Lemma 15.22] . For further details on the complex powers of sectorial operators through the notion of the extended holomorphic functional calculus we refer to [8, Section 15] .
By using the boundedness of the imaginary powers property we obtain the following generalization of Theorem 1.
Theorem 2. Let X 1 , X 2 be Banach spaces and A, B be sectorial operators in X 1 , X 2 respectively that have bounded imaginary powers; i.e. A it ∈ L(X 1 ) and B it ∈ L(X 2 ) for each t ∈ R with
for certain M A , M B ≥ 1 and φ A , φ B ≥ 0. Let T be a bounded linear operator from X 1 to X 2 such that T (D(A)) ⊆ D(B) and
and 
, k ∈ N, and {Av k } k∈N is Cauchy in X 1 , then T v k ∈ D(B), k ∈ N, and {BT v k } k∈N is Cauchy in X 2 , so that T ∈ L(X A,1 , X B,1 ) and T L (XA,1,XB,1 
Hence, T ∈ L(X A,a , X B,a ) and Theorem 3. Let X 1 , X 2 be Banach spaces and A, B be invertible sectorial operators in X 1 , X 2 respectively that have bounded imaginary powers; i.e. they satisfy 
is analytic in {z ∈ C | 0 < Re(z) < 1} and continuous on {z ∈ C | 0 ≤ Re(z) ≤ 1}, where ξ = , φ = φ A + φ B . Moreover, for each b ∈ [0, 1] and t ∈ R we have that
We estimate
Similarly,
Therefore, by the Hadamard's three lines theorem (see, e.g., [3, Lemma 1. 
We conclude that Remark. Concerning the boundedness of the imaginary powers, for examples of operators satisfying this property we refer, e.g., to [2] for elliptic differential operators with smooth coefficients, to [4] for elliptic differential operators with nonsmooth coefficients and to [10] for degenerate differential operators.
